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Spontaneous pulsations similar to the type discovered in 3.51-mm Xe laser oscillators were reported several
years ago in 3.39-mm He–Ne lasers, but no numerical interpretation of the He–Ne data has been given. The
model for the Xe laser instability is adapted here to the He–Ne system, and the results include direct com-
parisons between theoretical calculations and published experimental data. Good agreement is obtained for
the instability threshold, the pulsation frequencies, and many other features; and unmeasured but potentially
useful pulsation characteristics are also readily obtained from the model. © 2003 Optical Society of America
OCIS codes: 270.3430, 270.3100, 020.1670, 140.3460.
1. INTRODUCTION
Since the invention of the laser, many lasers have been
discovered that, with time-independent pumping and cav-
ity loss rates, sometimes produce their outputs in the
form of infinite trains of undamped pulsations. With
some lasers, these pulsations may be highly periodic, so
they cannot be interpreted as resulting from noise-driven
fluctuations in a stable system. Many explanations have
been proposed for the observed laser-instability phenom-
ena. In some cases, the instability mechanism is well un-
derstood, while in others substantial doubt remains.
The simplest laser may be imagined to consist of a uni-
formly distributed low-density set of atoms interacting
with a plane-wave single-frequency cavity field by means
of the standard processes of stimulated emission, absorp-
tion, and spontaneous emission. The semiclassical
Maxwell–Schro¨dinger equations governing such a system
already include the possibility of a destabilizing effect,
and this intrinsic instability mechanism is thought to pro-
vide an essentially complete explanation for the sponta-
neous pulsations observed in Xe lasers.1,2 On the other
hand, it has been uncertain whether this mechanism con-
tributes significantly to the spontaneous pulsations ob-
served in any other class of laser. The light–matter in-
teractions in most lasers can be described adequately by
means of simpler rate equations, and in the rate-equation
models, spontaneous pulsations require the presence of
some supplementary process. Proposed instability-
causing mechanisms have included saturable absorption
within or at the ends or sides of the laser medium or else-
where in the laser cavity, nonlinear interactions among
multiple transverse or longitudinal cavity modes, focus-
ing or defocusing effects caused by nonlinear gain, refrac-
tion, or reflection, more complex energy-level structure,
and other possibilities. Several reviews of spontaneous-
pulsation instabilities are available.3–9 Although many
of the basic concepts in this subject have been well estab-
lished for many years, research continues. Recent devel-
opments have included pulsations in fiber lasers10 and
new multilevel effects.11,12
The theoretical model underlying the spontaneous-
pulsation effect in Xe lasers predicts similar behavior for
a range of high-gain inhomogeneously broadened lasers,
and one might have expected that other similar spontane-
ously pulsing systems would have been reported. A pul-
sation instability has in fact been observed in the 3.39-mm
He–Ne laser, and experimental data have been
published.13,14 However, after several years, these data
still have not been interpreted in terms of a numerical
model, and no other comparable laser system has been
shown to exhibit similar behavior. In this circumstance
one can wonder whether the He–Ne instability is actually
due to the same mechanism as that accepted for Xe lasers
or whether the Xe mechanism applies to any other lasers.
Further experimental examples with rigorous modeling
could answer these questions and reinforce the basic
semiclassical instability interpretation.
A major purpose of this study is to systematically com-
pare the available spontaneous-pulsation data for
3.39-mm He–Ne lasers with a model of the type that was
previously successful for Xe lasers. Good agreement is
obtained for both the threshold for instability and the cor-
responding pulsation frequency. Other previously re-
ported features, such as the complex structures of the ho-
modyne and heterodyne spectra as the threshold
parameter or the cavity detuning is varied, the narrow
range of pulsations around the line center, the anomalous
modepulling, and the varying depth and width of the
Lamb dip, are also in agreement with the theory.
A normalized form of a general semiclassical single-
mode standing-wave laser model is reviewed in Section 2.
A set of parameters for 3.39-mm He–Ne lasers is devel-
oped and discussed in Section 3. Detailed numerical cal-
culations of the pulsation phenomena in He–Ne lasers are
carried out, and comparisons of these results with pub-
lished experimental data are presented in Section 4.
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2. MODEL
The spontaneous pulsations in xenon lasers have been in-
terpreted in terms of a fundamental instability in the
semiclassical Maxwell–Schro¨dinger model for a gas-laser
oscillator. The Maxwell–Schro¨dinger approach was in-
troduced by Lamb within a few years of the invention of
the laser,15 and with extensions this model was found to
provide good agreement with the pulsation behavior of Xe
lasers. While the self-pulsing phenomenon in Xe lasers
has been demonstrated experimentally for both the unidi-
rectional ring and standing-wave configurations, most
theoretical studies have been directed toward the unidi-
rectional ring oscillators.16,17 This is because the spatial
distribution of the electric field in a ring-type cavity al-
lows a description in terms of simpler semiclassical laser
equations compared with those of the standing-wave cav-
ity.
Most practical lasers are, however, of the standing-
wave type, and a rigorous semiclassical model for
standing-wave laser oscillators has also been derived.18
To help in understanding this model and the parameters
that are needed for its application, the final normalized
form from a previous Xe laser study is reproduced here.
Thus the fundamental differential equations of the model
can be written as follows19:
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The dependent variables in Eqs. (1)–(8) include the kth
spatial harmonic of the real part Pr,k(V, t) and the imagi-
nary part Pi,k(V, t) of the polarization, the kth spatial
harmonic of the broad Gaussian part of the difference be-
tween the populations of the upper and lower laser levels
Ek(t) and their sum Fk(t), and the narrow part that re-
flects the localized field-caused distortion of the popula-
tion difference Dk8(V, t) and population sum Mk8(V, t).
These variables are related to the kth harmonic of the to-
tal population difference Dk(V, t) and population sum
Mk(V, t) by
19
Dk~V, t ! 5
eEk~t !
p1/2
exp~2e2V2! 1 Dk8~V, t !, (9)
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Mk~V, t ! 5
eFk~t !
p1/2
exp~2e2V2! 1 Mk8~V, t !, (10)
The variables Ar(t) and Ai(t) are the real and imagi-
nary parts of the complex amplitudes of the electric field.
The spatially independent total pumping rates of the up-
per and lower laser levels are represented by La(t) and
Lb(t), respectively. The decay rates include the total de-
cay rate from the upper laser level ga , the total decay
rate from the lower laser level gb , the rate of direct decay
from the upper laser level to the lower laser level gab , the
polarization decay rate g, and the electric-field decay rate
(2tc)
21, where tc is the cavity lifetime. The coefficients
Ga and Gb are the total rates at which the atoms in levels
a and b undergo strong velocity-changing collisions, re-
spectively. The effect of these collisions is to distribute
the final velocities of the atoms randomly across the Dop-
pler gain profile. The velocity integrals in Eqs. (5) and
(6) represent the collision-caused additions of atoms to
each velocity class. On the other hand, the collision-
caused losses of atoms from each velocity class can be ac-
counted for by replacement of the spontaneous-emission
decay rates ga and gb with new effective values ga8 5 ga
1 Ga and gb8 5 gb 1 Gb . These decay rates are repre-
sented in the model by a set of hybrid decay rates,19
h1 5 ~ga8 1 gab 1 gb8 !/2, (11a)
h2 5 ~ga8 1 gab 2 gb8 !/2, (11b)
h3 5 ~ga8 2 gab 1 gb8 !/2, (11c)
h4 5 ~ga8 2 gab 2 gb8 !/2, (11d)
h5 5 h1 2 Ga/2 2 Gb/2 5 ~ga 1 gab 1 gb!/2, (11e)
h6 5 h2 2 Ga/2 1 Gb/2 5 ~ga 1 gab 2 gb!/2, (11f )
h7 5 h3 2 Ga/2 2 Gb/2 5 ~ga 2 gab 1 gb!/2, (11g)
h8 5 h4 2 Ga/2 1 Gb/2 5 ~ga 2 gab 2 gb!/2, (11h)
g1 5 2ga8gb8/~ga8 2 gab 1 gb8 !. (11i)
The parameter y 5 (v 2 v0)/g in Eqs. (1), (2), (7), and
(8) represents the normalized difference between an arbi-
trarily selected lasing frequency v and the atomic line-
center frequency v0 , and y0 represents the corresponding
parameter when the dispersion effects are neglected.
The normalized axial component of velocity is V. The pa-
rameter e 5 (Dvh /DvD) (ln 2)
1/2 is the so-called natural
damping ratio, which measures the relative magnitude of
the homogeneous and inhomogeneous linewidths, and the
parameter d 5 2gtc measures the ratio of the polariza-
tion and the electric-field decay rates. Equations (1)–(6)
follow from the semiclassical equations that govern the
four elements of the density matrix for the two active lev-
els of the laser transition in the presence of a standing-
wave electric field. Equations (7) and (8) follow from
Maxwell’s equations for the field amplitude of the stand-
ing wave in the presence of an atomic or molecular laser
medium. Equations (1)–(8) are valid for values of k that
are larger than unity. However, for k 5 1, Eq. (3)
couples to a more negative value of k. In this case, Eq.
(3) can be replaced with19
]
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where Pr,1i(V, t) and Pi,1i(V, t) are the imaginary parts
of the variables Pr,1(V, t) and Pi,1(V, t), respectively.
Equations (1)–(8) and (12) form a complete set that uses k
values of unity and larger. It is in this form that the
equations have been numerically solved for our theoreti-
cal investigations of spontaneous coherent pulsations in
standing-wave 3.39-mm He–Ne lasers.
3. DATA
In order to apply the model of Section 2 to a specific type
of laser, it is necessary to obtain numerical values for the
parameters that appear in the model. In this section we
use published data to extract values for the parameters of
the 3.39-mm He–Ne laser.
Among the most fundamental parameters for any
laser are the lifetimes of the upper and lower laser
levels and the decays between these levels. For the
3.39-mm He–Ne laser transition, the upper and lower la-
ser levels are identified in Paschen’s notation as 3s2 and
3p4 , respectively. The upper level is understood
to be subject to the radiation-trapping effect in which the
ultraviolet radiation (wavelength ’ 600.04 Å) of atomic
transitions from the 3s2 level to the ground-state level
gets reabsorbed by atoms in that state. This causes the
effective lifetime of the upper laser state to
be longer than its natural lifetime when the trapping
effect is not present. For most gas lasers, the trapping
is considered to be complete at pressures in excess
of a few tens of micrometers (milliTorr).20 The values
of both the non-radiation-trapped ( A (3s2) and the reso-
nance transition A (3s2 ;600.04 Å) decay rates of the 3s2
level based on the published data are approximately
46 3 106 s21 and 30 3 106 s21, respectively. The ratio
of the resonance-transition decay rate to the non-
radiation-trapped decay rate gives the value of the
branching ratio of the resonance transition of k ’ 0.65.
The total radiation-trapped decay rate of the upper
laser level (8A (3s2) can be calculated from the formula
(8 A (3s2) 5 (1 2 k) 3 ( A (3s2) 5 (1 2 0.65) 3 46 3 10
6
’ 16 3 106 s21. This is the value that we used for the
upper laser-level decay rate ga in our calculations. Fur-
ther details on how to derive these values from the pub-
lished decay rates of the 3s2 level in Refs. 21–24 are
available in Ref. 25.
The decay rate of the 3p4 level may be calculated from
the value of the natural linewidth Dnn and the decay rate
of the 3s2 level. It should be noted, however, that the
natural linewidth of a transition is determined by the
non-radiation-trapped decay rates.20 Therefore we used
the previously obtained non-radiation-trapped decay rate
of the upper level ( A (3s2) and adopted the value of
20 6 2 MHz for the natural linewidth in our calculation
of the 3p4 level decay rate.
14 The result yields the decay
rate of the 3p4 level of gb 5 2pDnn 2 ( A (3s2) 5 2p
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3 20 3 106 2 46 3 106 ’ 80 3 106 s21. In addition,
we used the value of the direct decay rate between the up-
per and lower laser levels gab ’ 2.87 3 10
6 s21.26
The homogeneous linewidth Dnh has contributions
from both the natural linewidth and the pressure broad-
ening. For the broadening coefficients, we use 12.4
6 4.9 MHz/Torr for neon and 25.6 6 0.6 MHz/Torr for
helium.27 In the experiments reported in Ref. 14, the la-
ser was filled with a mixture of single-isotope neon gas
and research-grade helium at partial pressures of 150
mTorr and 500 mTorr, respectively. With these values,
the pressure-broadening contribution from both gases to
the homogeneous linewidth is 12.4 3 0.15 1 25.6 3 0.50
’ 15 MHz. The combination of this pressure-
broadening of 15 MHz and the natural linewidth of 20
MHz gives the homogeneous linewidth Dnh ’ 35 MHz.
This in turn yields the polarization decay rate g 5 pDnh
’ 110 3 106 s21. An accepted value of the Doppler-
broadening linewidth DnD for this lasing transition is ap-
proximately 290 6 10 MHz.14 With these linewidths,
the natural damping ratio defined above is e ’ 0.10.
Values are also required for the rate of strong velocity-
changing collisions of both the upper and lower laser lev-
els. According to Smith, the total cross-relaxation rate
for the upper laser level Ga can be obtained from the
relationship28
Ga 5 Ga8 1 xk( A ~3s2! , (13)
where Ga8 and k are the basic collision-rate characteristic
of the upper laser level and the branching ratio of the
resonance transition from the upper laser level to the
ground-state level, respectively. ( A (3s2) is the non-
radiation-trapped decay rate of the upper laser level as
defined above. The parameter x was defined to be the
fraction of active atoms that interacts with the laser beam
and absorbs the resonance-transition radiation. This pa-
rameter is directly related to the active mode volume in-
side the cavity. The cavity configuration used in the ex-
periments yields beam spot sizes at the wedge and curved
mirror of 0.33 mm and 0.43 mm, respectively. This re-
sults in a mode volume that almost fills the 1-mm inner-
diameter capillary tube that was used as the discharge
tube. The value x ’ 1 can then be used without signifi-
cant error.
For the pressure at which the experiments were con-
ducted, an interpretation of graphical data reported by
Smith28 yields the basic collision rate Ga8 of approximately
20 3 106 s21 for the upper laser level 3s2 . Equation (13)
above then yields the cross-relaxation rate for the upper
laser level of Ga 5 20 3 10
6 1 (0.65 3 46 3 106) ’ 50
3 106 s21, where the values x 5 1, k 5 0.65, and
( A (3s2) 5 46 3 10
6 s21 have been used. As determined
in Ref. 14, we have employed a value for the cavity life-
time of tc 5 1 ns, which is equivalent to a decay rate for
the electric field of gc 5 500 3 10
6 s21.
The uncertainties in the decay rates discussed above
are not necessarily negligible. We used these decay rates
as a starting point and then iteratively substituted
slightly different values into the simulations to see
whether any changes within parameter uncertainties
might improve agreement with the experiments. This
procedure suggests slightly larger values of the strong
collision rates for the upper and lower laser levels (60
3 106 s21 instead of 50 3 106 s21). All other values are
as derived above. We have expanded the standing-wave
field inside the laser cavity into five spatial harmonics
and have represented the Doppler-broadened velocity dis-
tribution with 100 velocity classes. The laser parameter
values used in our calculations are summarized in Table
1.
4. RESULTS
Figures 1 and 2 show a snapshot of the time-series signal
and the corresponding homodyne spectrum at the insta-
bility threshold, as obtained from our simulations. The
theoretical threshold parameter rth 5 1.61 agrees well
with the experimental value rth ’ 1.7. The time-series
signal of the laser intensity is nearly sinusoidal, and its
corresponding homodyne spectrum has its peak located at
21.1 3 106 s21, which agrees with the reported value of
21 3 106 s21.14
It may be helpful at this point to give brief descriptions
of the concepts of homodyne and heterodyne spectra. A
homodyne spectrum is simply the frequency spectrum of
the corresponding time-series signal. It can be experi-
mentally observed by detecting the laser output with a
square-law detector and feeding the resulting electrical
output signal (which is proportional to the square of the
laser electric field) from the detector into a spectrum ana-
lyzer. Theoretically, a homodyne spectrum is a Fourier
transform of the corresponding time-series data. Its fre-
quency components indicate the spacings between the pri-
mary spectral components in the corresponding hetero-
dyne spectrum.
Experimentally, a heterodyne spectrum is obtained by
mixing the output of the laser under study with the out-
put from a reference laser on a square-law detector, and
this can be modeled mathematically. Let E0(t)
5 @E08(t)exp(2ivct) 1 E08*(t)exp(ivct)#/2 and Er(t)
5 @Er8 exp(2ivrt) 1 Er8* exp(ivrt)#/2 represent the electric
field of the laser under study and that of the constant-
amplitude reference laser, respectively. The carrier an-
gular frequency of the laser under study is vc , and the
Table 1. Parameters of the 3.39-mm He–Ne
Laser Transition
Parameter Value
Upper laser-level decay rate, ga 16 3 10
6 s21 a
Lower laser-level decay rate, gb 80 3 10
6 s21
Interlevel decay rate, gab 2.87 3 10
6 s21
Polarization decay rate, g 110 3 106 s21
Cavity decay rate, gc 500 3 10
6 s21
Upper laser-level cross-relaxation rate, Ga 60 3 10
6 s21
Lower laser-level cross-relaxation rate, Gb 60 3 10
6 s21
Homogeneous linewidth, Dnh 35 MHz
Doppler-broadened linewidth, DnD 290 MHz
Natural-damping ratio, e 0.10
a Radiation-trapped decay rate.
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angular frequency of the reference laser is vr . The mix-
ing at a square-law detector yields an output current pro-
portional to











$E08~t !Er8* exp@2i~vc 2 vr!t#
1 E08*~t !Er8 exp@i~vc 2 vr!t#%, (14)
where terms with higher-frequency components are omit-
ted due to the limited response of the detector. The bar
above uE0(t) 1 Er(t)u2 indicates a time average over a pe-
riod long compared with an optical cycle. Equation (14)
consists of three components. The first bracket contains
two components, which are the dc bias and the signal that
corresponds to the homodyne spectrum. The heterodyne-
spectrum component comes from the beating signal be-
tween the laser output and the reference signal in the sec-
ond bracket. This heterodyne spectrum is centered at
the difference between the two carrier frequencies, i.e., at
uvc 2 vru. Its magnitude is proportional to the ampli-
tude of the reference laser Er8 . A heterodyne spectrum
provides additional information that is not available in
the usual time-series signal or the homodyne spectrum.
The value of the integration step size in our calcula-
tions is 0.01 ns. We collect a data point once every 125
integration steps or 125 3 0.01 5 1.25 ns. Based on this
sampling rate, we have chosen that the reference laser is
detuned by 300 MHz above the center of the gain profile
of the laser under study, i.e., (vr 2 v0)/(2p) 5 300
MHz, and that the carrier frequency of the laser under
study is at the center of the gain profile. This combina-
tion yields good representations of the experimental out-
puts in both time and frequency domains.
Figure 3 shows snapshots of time-series signals to-
gether with the corresponding homodyne and heterodyne
spectra for five different values of the threshold param-
eter with line-center tuning. As shown in Fig. 3(a), the
heterodyne spectrum of a stable single-mode laser for a
threshold parameter rth 5 1.5 consists of a single peak at
the frequency difference between the reference laser and
the laser under study. The peak frequency moves with
cavity detuning, and this shift corresponds to the shift in
the laser operating frequency. The heterodyne spectrum
of an unstable laser, however, shows two distinct charac-
teristics that depend on the value of the threshold param-
eter. At a small value of the threshold parameter, e.g.,
rth 5 1.66 as in Fig. 3(b), the spectrum shows a dominant
peak with weak sidebands spaced from the peak by
amounts that correspond to the frequencies in the associ-
ated homodyne spectrum. When the threshold param-
eter is larger, corresponding to a stronger instability con-
dition, e.g., rth 5 2.6 in Fig. 3(e), the spectrum shows two
dominant peaks whose relative magnitudes depend on
the amount of cavity detuning. Sideband frequencies are
also present, and more complex structures of the fre-
quency spectrum occur at the intermediate values of the
threshold parameter represented in Figs. 3(c) and 3(d).
This complexity depends on the value of the threshold pa-
rameter and on the amount of cavity detuning.
The effects of cavity detuning on the laser outputs are
shown in Fig. 4. This figure shows combinations of aver-
age laser intensities and peak pulsation frequencies as
functions of cavity detuning on the left and laser-
operating frequencies as functions of cavity detuning on
the right. The peak pulsation frequencies are the fre-
quencies of the principal peaks of the corresponding ho-
modyne spectra. The laser operating frequencies are de-
termined from the heterodyned beat-frequency
components in the heterodyne spectra. The curves of av-
erage laser intensity versus cavity detuning reveal that
the Lamb dip around line center becomes deeper and nar-
rower as the instability-caused pulsing becomes stronger.
The dip widens again and gets shallower when the laser
is operated further above the lasing threshold, and simi-
lar experimental behavior was reported in Fig. 4 of Ref.
14.
The graphs of the laser operating frequencies on the
right side of Fig. 4 clearly show increasing deviations
from the nearly linear mode-pulling behavior when the
threshold parameter increases, as observed also in the ex-
periments. A small kink first develops around the Lamb-
dip region when the threshold parameter is small, and
then finally an actual break of the curve occurs. The het-
Fig. 1. Time-series signal shows the laser output intensity close
to the threshold of instability (r th 5 1.61).
Fig. 2. Homodyne spectrum close to the threshold of instability
(rth 5 1.61).
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Fig. 3. Time-series signals show laser output intensities (left). The corresponding homodyne and heterodyne spectra of the observed
time-series signals show peak pulsation frequencies and laser operating frequencies (middle and right, respectively). The cavity is
tuned to line center, and the values of the threshold parameter are (a) r th 5 1.5, (b) rth 5 1.66, (c) rth 5 1.7, (d) rth 5 2.05, and (e) r th
5 2.6.
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erodyne spectra for the cases when the break in the laser-
operating frequency curves occur show two strong beating
frequencies, as observed in the experiments and shown in
Fig. 4(d), for example. An expanded scale of the laser-
operating frequency curves in Fig. 4(d) is shown in Fig. 5.
This figure shows additional sideband frequencies that re-
sult from the presence of instability.
Figure 6 shows pulsation behaviors at a fixed value of
threshold parameter rth 5 2.05 as a function of cavity de-
tuning. The graphs on the left show the time-series
snapshots with the corresponding homodyne spectra on
the right. The pulsation behavior changes as the cavity
is detuned from line center, with complex pulsations be-
ing observed when the laser is operating within a narrow
tuning range close to line center.
Fig. 4. Average laser intensities (dotted curves) and frequencies of the principal peaks in the homodyne spectra (solid curves) versus
cavity detunings (left). Laser operating frequencies versus cavity detunings (right). The threshold parameters are (a) r th 5 1.5, (b)
rth 5 1.7, (c) rth 5 2.05, and (d) rth 5 2.6.
Fig. 5. Expanded scale of Fig. 4(d) showing the details of the
laser operating frequency. Note the existence of sidebands that
are not displayed in Fig. 4(d). The threshold parameter is r th
5 2.6.
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5. CONCLUSION
We have presented detailed theoretical results for the
spontaneous coherent pulsations in a single-mode
standing-wave 3.39-mm He–Ne laser oscillator. These
results match both the threshold for instability and the
corresponding pulsation frequency in published experi-
mental data. Many behaviors, such as the complex
structures of the homodyne and heterodyne spectra as the
threshold parameter or the cavity detuning is varied, the
narrow range of pulsations around the line center, the
anomalous mode pulling, and the varying depth and
width of the Lamb dip, are also in agreement with pub-
lished experimental results.
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